We present infinite classes of quadratic Diophantine equations of the form px 2 − cy 2 = ±1, p any prime and c a positive integer, for which there are no solutions (x, y), yet for which there are solutions modulo n for all n ≥ 1. This generalizes earlier work where only the case p = 2 was considered.
Introduction
In [4] , we provided reasons, in terms of continued fractions, as to why such Diophantine equations as 2x 2 − 219y 2 = −1 have no integer solutions (not solvable globally), yet for which 2x 2 − 219y 2 ≡ −1 (mod n) is solvable for all n ≥ 1 (solvable everywhere locally). The latter equation is found in many introductory number theory texts (see [2, Exercise 2.5.29, p. 118] for instance), but no explanation is given for why this phenomenon occurs. In [4] , we provided an infinite class of quadratic Diophantine equations of the form 2x
2 − cy 2 = ±1, which are not solvable globally, but are solvable locally everywhere. In this note, we expand these ideas to the class of Diophantine equations of the form px 2 − cy 2 = ±1, p any prime, which are locally solvable everywhere, but not globally. This includes an expansion of the p = 2 case from mere Richaud-Degert types, considered in [4] , to a class infinitely larger. This involves continued fraction expansions of √ pc, congruence conditions on the fundamental unit of the order Z[
√ pc], and central norms (defined via Equation (4) below).
Notation and Preliminaries
We will have occasion to refer to the simple continued fraction expansion of √ D, where D = pc, whose period length we denote by = ( √ D) and whose partial quotients we denote by q j for j ≥ 0, where
, and q 1 q 2 , . . . , q −1 is a palindrome. The jth convergent of α for j ≥ 0 are given by,
where
The complete quotients are given by, (P j + √ D)/Q j , where P 0 = 0, Q 0 = 1, and for j ≥ 1,
and
. We will also need the following facts (which can be found in most introductory texts in number theory, such as [2] . Also, see [1] for a more advanced exposition).
In particular, A
and it follows that (x 0 , y 0 ) = (A −1 , B −1 ) is the fundamental solution of the Pell Equation
When is even, P /2 = P /2+1 , so by Equation (1),
where Q /2 is called the central norm, (via Equation (2)), where
In the following (which we need in the next section), and all subsequent results, the notation for the A j , B j , Q j and so forth apply to the abovedeveloped notation for the continued fraction expansion of √ D.
The following is crucial in what follows. (5).
Proof. This (with more consequences) is proved in [5] .
2 
Remark

Then the Diophantine equation,
has no solutions (x, y), but
has a solution (x, y) for all n ≥ 1.
Proof. Part 1 is established in [4] for the case where 2c is a Richaud-Degert type. However, the argument generalizes by replacing the Richaud-Degert type by the conditions in part 1, and invoking Theorem 1 to conclude that is even, and Q /2 = 2. Then the argument proceeds exactly as in [4] . For part 2, we proceed as follows. Since p ≡ 3 (mod 4), must be even by Equation (3) . By Theorem 1, Equation (6) has no solutions (x, y) since A −1 ≡ ±1 (mod 2c). It remains to show that Congruence (7) has solutions for all positive integers n. For n = 1, this is trivial. For n > 1, by the Chinese Remainder Theorem, we may prove the result by showing that the congruence holds for any prime power. We begin with n = 2 α for α ≥ 1. 
If j is the multiplicative inverse of p modulo q α , then by setting x = jz and y = t, we get px
Example 1 Let p = 7, c = 281, and = ( 
has no solutions, but
has solutions for all n ≥ 1. In this case Q /2 = 14, so
has a solution (X, Y ) = (19, 3), but it is not possible for Equation (8) to have any solutions. By Theorem 1, such solutions would imply that Q /= 7.
To illustrate the proof of Theorem 2 in the construction of solutions to the congruence, we'll take an n at random, say n = 2 8 · 3 5 · 7 3 . Then via the techniques in that proof, we get,
We may now put these together via the Chinese remainder Theorem to get a solution modulo n via:
We find that this yields the solution
The following provides an infinite class of equations solvable everywhere locally, but not globally. These are examples of Richaud-Degert types (those of the form a 2 + r where |r| | 4a), that were the focus of the result in [4] .
Corollary 1
Suppose that p and q are odd primes where p ≡ 7 (mod 8), 2q ≡ 1 (mod p) and pc = p 2 q 2 + 2pq = p(pq 2 + 2q), with c not divisible by any prime r for which −p is a quadratic nonresidue. Then Equation (6) has no solutions but Equation (7) has a solution for all n ≥ 1.
Proof. By [1, Theorem 3.2.1, p. 78], = ( √ pc) = 2 and Q /2 = 2pq. Thus, by Theorem 1, Equation (6) has no solutions and A −1 ≡ ±1 (mod 2c). Thus, by Theorem 2, Equation (7) has a solution for all n ≥ 1. 2
and 2q = 22 ≡ 1 (mod 7), then the hypothesis of Corollary 1 is satisfied. Hence,
has a solution for all n ≥ 1, but 7x 
There is a dual result to Theorem 2 which we now present without proof since the verification is entirely analogous to that given above.
Theorem 3 Let p be a prime and c a positive integer with = (
√ pc), such that either 1. p = 2, c ≡ 1 (mod 8), and c is divisible only by primes congruent to 1 or 7 modulo 8, with at least one prime congruent to 7 modulo 8. Also, in the simple continued fraction expansion of √ 2c, A −1 ≡ ±1 (mod c). 
Then the Diophantine equation,
The analogue of Corollary 1 is given as follows. 
